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pre-localization stage can accommodate its intrinsic randomness in a natural way and enhance the service life 
predictions of degrading structural systems and their components. 
Using principles of thermodynamics, damage growth equations can be formulated in terms of the Helmholtz 
free energy potential. Spatial and temporal fluctuations in the state variables, caused by the intrinsic variations 
in the material micro structure, as well as due to environmental and loading conditions, can be modeled by 
treating Helmholtz free energy as a random process. This leads to a stochastic differential equation (SDE) for 
the random damage growth, the solution of which describes the evolution of time-dependent damage growth 
mechanism [2-4]. The studies in the literature have focused on modeling the noise associated with the damage 
growth equations as Brownian motion leading to the possibilities of physically unrealizable negative damage 
increments. 
The present study focuses on the development of creep damage growth equations for structural materials 
subjected to high temperatures for extended periods of time. For example, structural components in nuclear 
power plants carrying high temperature liquids would be susceptible to such creep damage effects. 
Complicating effects such as modeling the noise processes as non-Gaussian processes to ensure that the 
damage growth increments are always positive have been studied. Numerical examples which illustrate the 
developments made in this paper have been presented. 
2. CDM-based damage growth equations 
Following the methodology adopted in [3-4], the CDM based damage growth equations are first developed. 
Introducing the Helmholtz free energy potential   ߰ ൌ ߰ሺܶǡ ߝǡ ܦሻ for a closed system R in diathermal contact 
with a heat reservoir and applying the second law of thermodynamics, it can be shown that [3] 
ܭሶா െ
డట
డఌ ή ߝሶ െ 
డట
డ஽  ή ܦሶ െ  ሶܹ ൒ Ͳ.   (1)  
Here, T is the absolute temperature, ߝ are state variables comprising the strain tensor and D is the damage 
tensor which is of order one if the material is assumed to be isotropic, ܹ is the work done on  R,  ܭE is the 
kinetic energy of R and the dots represent the time derivatives  with respect to time t. In writing Eq. (1) it is 
assumed that  ሶܶ  = 0. This is not strictly true for systems which are exposed to temperature fluctuations. 
However, in this study, we assume that the temperature fluctuations are gradual and very slow and the system 
can be assumed to be in quasi-static thermodynamic equilibrium at constant temperature. Compactly, Eq. (1) 
can be written as ߉ ൒ Ͳǡwhere ߉  is the heat dissipation rate. If  ߉ ൌ Ͳǡthen the thermodynamic process 
becomes reversible.   
Now the system R is said to be in equilibrium when it is in diathermal contact with a heat reservoir if the 
first variation of Helmholtz free energy is zero i.e., ߜ߰ሺݐሻ ൌ Ͳ.  The equilibrium system undergoes rapid 
changes of its micro-state and causes random fluctuations in state variables; thus the evaluation of free energy 
can be described as random process [5]. Using  variational  principles, one can write 
ߜ߰ሺݐሻ ൌ ߜ ׬ ሺ ሶܹ െ ܭሶ ሻ݀ݐ௧௧బ െ ׬ ߉݀ݐ ൅ ߜܵሺݐሻ ൎ Ͳ
௧
௧బ
 (2) 
Here, t0 is the initial equilibrium state and ܵሺݐሻis a random process representing the random fluctuations in the 
free energy. These fluctuations  are due to the uncertainties arising from modeling uncertainties, micro 
structural variations and environmental conditions. Eq. (2) can be further expressed as 
ߜ߰ሺݐሻ ൌ ׬ ߜܫଵሺݐሻ݀ݐ
௧
௧బ
െ ׬ ߜܫଶሺݐሻ݀ݐ ൎ Ͳ
௧
௧బ
ǡ   (3) 
the terms I1 and I2 in Eq. (3) are defined as 
ܫଵ ൌ ܹሶ െ ܭሶா ൅
డట
డ஽ ܦሶ ൅ ሶܵǡܫଶ ൌ ܹ
ሶ െ ܭሶா ൅
డట
డఌ ߝሶǤ  (4) 
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Here, ሶܵሺݐሻ is defined in the mean-square sense. In a deformable body where damage accumulates close to 
thermodynamic equilibrium within and along its boundary,ߜଵሺݐሻ ൌ Ͳ at every instant t, it can be shown that 
for a deformable body undergoing isotropic damage accumulation caused by uniaxial loading, the damage 
growth equation can be represented as 
ߪஶ ൅ ߰஽
ௗ஽
ௗఌ ൅ ܵ௕ ൌ ͲǤ   (5) 
Here, ߪஶ is the far-field stress acting normal to the surface, ߰஽ partial derivative of the free energy 
per unit volume with respect to the damage variable D and ܵ௕ is the rate of change of fluctuations in ߰ per unit 
strain. 
It is reasonable to assume that the source of the fluctuations in the free energy ߰ is due to unknown 
modeling errors and hence can be modeled as random process. Additionally, it has been assumed in [5] that 
ܵ௕is a zero mean  process with equal probability of having positive and negative values, indicating that the 
probability density function is symmetric about zero and  that the mean-square value of the fluctuations do not 
change with strain or time. It can be shown that the above conditions can be satisfied if ܵ௕ follows Langevin 
equation given by 
ௗௌ್
ௗఌ ൌ െ݇ଵܵ௕ ൅ ඥ݇ଶߦሺߝሻǡ     (6) 
where, ߦሺߝሻ is a Gaussian white  noise indexed with strain and k1, k2 are appropriate positive constants of  
the  Langevin equation defined in Eq. (6) such that, k1 is very large; see [5] for details.  Now, Eqs. (5) and (6) 
describe two processes with very different scales of strain (or time). A large number of fluctuations occur in 
ܵ௕in a strain during which the damage growth is insignificant. Therefore, on a scale where damage growth is 
assumed to be constant, from Eq. (5), we get ܵ௕Ȁɂ ൌ Ͳ. Thus, from Eq. (6), we can approximate it as 
ܵ௕ሺߝሻ ൎ ඥ݇ଶȀ݇ଵߦሺߝሻǤ Eq. (5) can be subsequently written as follows; 
݀ܦሺߝሻ ൌ ିఙಮటವ ݀ߝ െ
ඥ௞మȀ௞భ
టವ
ܹ݀ሺߝሻǡ      (7) 
where, ܹ are the Weiner increments. If t is the indexing parameter rather than ɂ  Eq. (7) can be 
written in terms of the strain rate ߝሶ  
݀ܦሺݐሻ ൌ ቄିఙಮటವ ߝሶሺܦǡ ݐሻቅ ݀ݐ െ ൜
ඥ௞రȀ௞య
టವ
ߝሶሺܦǡ ݐሻൠ ܹ݀ሺݐሻǤ   (8) 
Here, k3 and k4 are positive constants  and are different from k1 and k2 due to Eq. (8) being now indexed 
with time t, such that, ܵ௕ሺݐሻ ൎ ඥ݇ସȀ݇ଷߦሺݐሻǤ Eq. (8) represents a stochastic differential equation (SDE), where 
the coefficient for dt is known as the drift coefficient and the coefficient for ܹ is known as the diffusion 
coefficient. It has been shown in [5] that ߰஽ ൎ ͵ȀͶߪ௙ǡwhere ߪ௙  is the failure stress of the material at 
temperature T.  
2.1. Stochastic creep damage 
Next we modify Eq. (8) for thermal creep damage. Here, we use the Bailey-Norton creep strain rate model, 
given by [6] 
ߝሶ௖ ൌ
஺ሺ்ሻ
ሺଵି஽ሻ೘ ߶ߪஶ
௠ݐథିଵǡ                                                                                                              (9) 
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where, ܣሺܶሻ  is a temperature dependent constant,  ߶  are material parameters and the remaining 
parameters have the meanings as defined earlier. Assuming ߶ = 1 (for the steady state creep condition) and 
substituting in Eq. (8), the stochastic creep damage growth equations can be expressed as 
݀ܦሺݐሻ ൌ ஺భ
൫ଵି஽ሺ௧ሻ൯೘
݀ݐ ൅ ஻భ
൫ଵି஽ሺ௧ሻ൯೘
ܹ݀ሺݐሻǤ    (10) 
Here, A1 and B1 are defined as 
ܣଵ ൌ
ସ஺ఙಮ೘శభ
ଷఙ೑
ǡ            ܤଵ ൌ
ସ஺ఙಮ೘శభ൫ඥ௞రȀ௞య൯
ଷఙ೑
Ǥ       (11) 
The right hand side of Eq. (10) denotes the increments in creep damage growth. An inspection of Eq. (10) 
reveals that depending on the magnitude of the Weiner increments, which takes values from [-λ,λ], there is a 
non-zero probability of having negative damage increments irrespective of the values of  A1 and B1. This is 
physically impossible. There is a need to investigate the use of non-Gaussian models for the random 
fluctuations in the free energy. This is discussed in the following section. 
3. Non-Gaussian model for creep damage growth 
The model for ܹ in Eq. (10) has been defined  following the assumptions that the fluctuations in the free 
energy is zero-mean and that there is an equal probability of having positive and negative fluctuations about the 
mean value. Alternative models for the damage growth may be obtained instead if one makes the assumption 
that damage growth increments are always positive. A more general form of Eq. (10) would be to replace 
ܹሺݐሻ by ܵሺݐሻ where, dS(t) ؆ Sb(t)dt is always greater than zero. A simple model for ܵሺݐሻ would be to 
assume the increments to follow the Geometric Brownian motion (GBM). A stochastic process ܵሺݐሻ is said to 
follow a GBM if it satisfies the following SDE [7] 
݀ܵሺݐሻ ൌ ߤܵሺݐሻ݀ݐ ൅ ߣܵሺݐሻܹ݀ሺݐሻǡ     (12) 
where, ܹሺݐሻ is a Weiner process, Ɋ andߣ are respectively the drift and diffusion coefficients for the GBM and 
ܵሺݐሻ ൌ ܵ଴݁ݔ݌ ቂቀߤ െ
ఒమ
ଶ ቁ ݐ ൅ ߣܹሺݐሻቃǤ    (13) 
Assuming Ɋ= 0, the corresponding creep damage growth equation can be written as 
݀ܦሺݐሻ ൌ ஺భ
൫ଵି஽ሺ௧ሻ൯೘
݀ݐ ൅ ஻భ
൫ଵି஽ሺ௧ሻ൯೘
ߣܵሺݐሻܹ݀ሺݐሻǤ  (14) 
Closed form solutions for either Eq. (10) or Eq. (14) are not possible and we have resort to numerical 
integration. This is discussed in the following section. 
4. Numerical examples and discussions 
The stochastic creep damage growth in Type-A36 stainless steel stressed to 83 MPa at 1000°F (or 538°C) is 
considered. The material parameters of A36 stainless steel are taken from the literature [5] and are:ܣሺܶሻ = 
2.967×10-13, m = 4.8, ߪ௙ = 373 MPa, ߪஶ= 83 MPa and ඥ݇ସȀ݇ଷ= 69 MPaξ. The material is initially assumed 
to be defect free, i.e., D0 = 0 and the material parameters are considered to be deterministic quantitiesǤ
Since the creep damage growth is random, different realizations would lead to different damage growth 
trajectories. To characterize the creep damage growth, Monte Carlo simulations are carried out. N = 1x104 
sample realizations of the trajectories are simulated in the computer. Two cases have been studied: (a) Case 1- 
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As in case 1, both the mean and the variance 
Figure 6, the pdf of damage at different time ins
process. This implies that the growth of damage
 
Fig. 5. Case 2: Variation of the pdf of creep damage at d
time instants. 
Fig. 7. Response of creep strain variation with tim
The behavior of creep strain and creep strain
Figs. 7 and 8 respectively. We observe that the
expected as the damage growth is proportional t
strain is observed to be significant underlying 
rate in Fig. 8 is observed to be almost flat ini
fluctuations reveal significant variabilities from 
5. Conclusion 
Investigations have been carried out for mode
to high temperature environments. The damage 
applying thermodynamic principles. Uncertain
environmental conditions have been modeled as
the effects of modeling the noise as Gaussian a
noise can significantly affect the damage predic
arrive at appropriate models for the uncertain va
increase with time. However, interestingly, as can be see
tants show multiple peaks when the noise is modeled as a
 occurs in jumps with multiple modes. 
ifferent Fig. 6. Case2: The pdf of creep damage at different time
instants. 
e. Fig. 8. Variation of creep strain rate with time. 
 rate with respect to time obtained from Eq. 9 is illustra
 damage growth and creep strain have a similar shape. T
o the creep strain. For a given time, the variability in the
the importance of modeling the uncertainties. The creep
tially indicating steady state conditions. However, the s
each sample realizations. 
ling the stochastic creep damage growth in materials sub
growth equations have been derived in CDM framework
ties arising due to modeling assumptions and fluctuati
 white noise processes. Research has been carried out to
nd non-Gaussian. It is observed that the choice of mod
tions. Comparisons with experimental results are neces
riations. 
n from 
 GBM 
 
 
ted in 
his is 
 creep 
 strain 
ample 
jected 
and by 
ons in 
 study 
els for 
sary to 
811 Y. Appalanaidu et al. /  Procedia Engineering  55 ( 2013 )  805 – 811 
Acknowledgement 
The work reported in this paper forms a part of the research  project entitled “ Probabilistic residual life 
assessment of high temperature piping in nuclear power plants against creep-fatigue damage”, funded by the 
Board of Research in Nuclear Sciences, Department of Atomic Energy, Government of India. 
References 
[1]  L.M.Kachanov, Introduction to continuum damage mechanics. Martinus Nijhoff; The Netherlands; 1986. 
[2]  C.W.Woo, D.L.Li, A general stochastic dynamic model of continuum damage mechanics. Int. J. Solid Structures 1992;29:2921-32. 
[3]  B.Bhattacharya, B.Ellingwood, Continuum damage mechanics-based model of stochastic damage growth. J. Eng. Mechanics 
1998;124:1000-09. 
[4]  B.Bhattacharya, B.Ellingwood, A new CDM-based approach to structural deterioration. Int. J. Solid Structures 1999;36:1757-99. 
[5]  B.Bhattacharya, A damage mechanics based approach to structural deterioration and reliability. Ph.D. Thesis, The Johns Hopkins 
University, Maryland;1997. 
[6]  J.T.Boyle, J.Spence, Stress analysis for creep. Butterworths Co., London;1983. 
[7]  R.Cont, P.Tankov, Financial modeling with jump processes. Chapman and Hall, CRC; 2004. 
